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A NOTE ON CYCLES IN GRAPHS WITH SPECIFIED RADIUS AND DIAMETER
PAVEL HRNCˇIAR
Abstract. Let G be a graph of radius r and diameter d with d ≤ 2r − 2. We give a new proof that G
contains a cycle of length at least 4r − 2d, i.e. for its circumference it holds c(G) ≥ 4r − 2d.
For a connected graph G, the distance d(u, v) between vertices u and v is the length of a shortest
path joining them. The distance between a vertex u ∈ V (G) and a subgraphH of G will be denoted
by d(u,H) = min{d(u, v); v ∈ V (H)}. The eccentricity e(u) of a vertex u of G is the distance of
u to a vertex farthest from u in G, i.e. e(u) = max{d(u, v); v ∈ V (G)}. The radius r(G) and the
diameter d(G) of G are the minimum and the maximum eccentricity of its vertices, respectively.
The circumference of a graph G, denoted c(G), is the length of any longest cycle in G.
A nontrivial connected graph with no cut-vertices is called a nonseparable graph. A block of a
graph G is a maximal nonseparable subgraph of G. If u is a cut-vertex of G belonging to a block
B of G then Vu,B (or briefly Vu) will denote the set {v ∈ V (G); d(v, u) = d(v,B)}.
The aim of this note is to give a new proof of the following theorem (see [3]). This proof is very
different from the previous one and it is also simpler.
Theorem 1. Let G be a graph of radius r and diameter d with d ≤ 2r − 2. Then c(G) ≥ 4r − 2d.
Proof. Since d ≤ 2r − 2, G is not a tree. Suppose, contrary to our claim, that c(G) < 4r − 2d. If
B is a block of G, B 6= K2, then every two vertices of B lie on a common cycle (see [1], Theorem
1.6) of length less than 4r − 2d. Hence we get d(B) < 2r − d. We distinguish three cases.
(1) There exists a block B of G with d(v,B) ≤ d− r for every vertex v ∈ V (G).
Let w ∈ V (B). If B = K2 then e(w) ≤ 1 + (d − r) ≤ 1 + (r − 2) < r, a contradiction. If
B 6= K2 then e(w) ≤ d(B)+ (d− r) < (2r− d)+ (d− r) = r, which is again a contradiction.
(2) There exists a block B of G containing two cut-vertices u1, u2 with max{d(v, ui); v ∈
Vui,B} > d− r for i = 1, 2.
Let v ∈ V (G) be a vertex with d(v, u1) = r. We distinguish two subcases.
(i) v ∈ Vu1 .
Let w ∈ Vu2 be a vertex with d(w, u2) > d − r. We get d(v,w) = d(v, u1) + d(u1, u2) +
d(u2, w) > r + 1 + (d− r) > d, a contradiction.
(ii) v /∈ Vu1 .
Consider a vertex w ∈ Vu1 with d(w, u1) > d − r. We get d(w, v) = d(w, u1) + d(u1, v) >
(d− r) + r = d, a contradiction too.
(3) In every block B of G there exists exactly one cut-vertex u with max{d(v,B); v ∈ Vu,B} >
d− r.
Choose vertices x and y such that d(x, y) = d(G). Let P by a shortest path joining x and y.
Let w be a vertex of P with |d(x,w)− d(y,w)| ≤ 1, i.e. d(x,w) ≤ r− 1 and d(y,w) ≤ r− 1.
Consider a block B of G such that w ∈ V (B) and |V (B) ∩ V (P )| ≥ 2. Let u ∈ V (B) be a
vertex with d(x, u) = d(x,B) and v ∈ V (B) be a vertex with d(y, v) = d(y,B). Obviously,
u 6= v and u, v are vertices of P . Without loss of generality it suffices to distinguish two
subcases.
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(i) d(x,B) > d− r.
The vertex u is a cut-vertex of G and it holds d(z,B) ≤ d−r for every vertex z ∈ V (G)−Vu.
If for every vertex z ∈ Vu it holds d(z, w) ≤ r − 1 then it is easy to check (see the case (1))
that e(w) < r, a contradiction. If there exists a vertex z ∈ Vu with d(z, w) ≥ r we have
d(z, y) = d(z, w) + d(w, y) ≥ r + d(w, y) > d(x,w) + d(w, y) = d(x, y) = d,
again a contradiction.
(ii) d(x,B) ≤ d− r and d(y,B) ≤ d− r.
If B = K2 then we have
d(x, y) ≤ 2(d− r) + 1 = d+ 1 + (d− 2r) ≤ d+ 1 + (−2) < d,
a contradiction.
If B 6= K2 then we get
d(x, y) = d(x,B) + d(B) + d(y,B) < 2(d − r) + (2r − d) = d,
a contradiction.

Remark 2. For r ≥ 3 the bound 4r − 2d in Theorem 1 is the best possible (see [3]).
Remark 3. For a graph G with radius r, diameter d ≤ 2r− 2, with at most 3r− 2 vertices, it holds
c(G) ≥ 2r (see [2]).
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